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Several isothermal experiments are generally needed to determine the parameters 
of the Avrami equation which describe most of the heterogeneous solid state reactions. 
Differential scanning calorimeters are suitable for such experiments. While most 
differential thermal analysis (DTA) apparatus cover a wider temperature range than 
DSC apparatus they cannot be used to perform isothermal determinations. However, 
Kissinger has already shown how activation energy and frequency factor can be 
calculated from DTA experiments for the case of homogeneous reactions following 
first order kinetics. We derive in this paper an extension of the Kissinger method 
and show its applicability to heterogeneous reactions described by an Avrami expres- 
sion. The new method will allow the study of the kinetics of metallic reactions at the 
higher temperature range obtainable with DTA. The transformation kinetics of the 
metastable equiatomic tin-nickel alloy are given as an example. 

Most  reactions in solid metallic phases are empirically described by the Avrami  

equat ion  [1] where x is the amoun t  of  material  t ransformed at the t ime t, 

x = 1 - exp [ - (k t )~] .  (1) 

n is a dimensionless exponent ,  k has the dimension of  react ion rate and is given 
by an Arrhenius  type o f  relat ion 

AE 
k = v exp . . . . . .  (2) 

R T  
where 

v = frequency factor  

AE = act ivat ion energy 

R = gas constant  

T = Kelvin tempera ture  

The t ransformat ion  can be completely described in time, tempera ture  and trans- 

formed fract ion co-ordinates  if  n, AE, and v are known.  The easiest way to calculate 

these three parameters  is to run isothermal  experiments  to determine the change 

of  x with time. The data  is generally reduced [2] by fitting the equa t ion :  

1 
. . . . .  (kt)L (3) in 1 - x  
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While isothermal experiments can conveniently be performed in a differential 
scanning calorimeter (DSC), the maximum operable temperature is 750 ~ which 
presents quite a limitation for the study of metallic solid state reactions. Another 
available method has been differential thermal analysis (DTA) which can be 
operated at much higher temperatures. Unfortunately D T A  is essentially a dyna- 
mic technique wherein time and temperature variables are intermixed and there- 
fore no true isothermal experiment can be conducted in a DTA setup. Kissinger 
[3], in his study of  homogeneous reactions which follow the first order rate equa- 
tion: 

= k(1 - x) (4) 

developed a method where both AE and v can be determined f rom DTA experi- 
ments run at different heating rates. In the course of  studying the kinetics of  the 
transformation of tin-nickel [4], which occurs in the working range of both the 
DSC and DTA, we have been able to extend the Kissinger method to solid state 
reactions obeying an Avrami law. 

T h e o r y  

During a D T A  experiment the temperature of  the furnace is changed linearly 
with time at a given rate ct (degrees per second). The furnace temperature in 
Kelvin is: 

T = T o + at (5) 

where To is the initial temperature. 
Assuming that  the dynamic case is a close succession of  isothermal ones, we 

can keep the Avrami expression for the fraction of  transformed material: 

x = 1 - exp [ - (k t ) " ] .  

Because of Eq. (5) the rate constant varies with time and k t  is no longer linear 
in t but a more complicated function such as: 

k t  = u = vt exp R ( T  o + c~t) (6) 

and Eq. (1) becomes 

x =  1 -- e x p ( - u ' ) .  

The successive time derivations of  x are 

2 = f i n u " - l ( 1  - x) 

and 

2 = [ / / u  - f i 2 ( n t f  - n + 1 ) ] n u ~ - ~ ( l  - x )  

(7) 

(8) 

(9) 
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Assuming that the maximum rate of reaction coincides with the DTA peak, its 
position is given by 

i i u  - f i2[nu" - n + 1] = 0 (10) 

Since we have T = T o + at  and simplifying 

A E  ' A E a  -R-T- f i =  vexp  - R T  + vt RT V exp - 

o r  

where 

u j f i = - -  + a u =  u + a  
t 

A E a  
a - -  

R T  2 ' 

ti u 
// . . . .  + aft 

t t 2 

and 

o r  

/ / =  fi + a  tz = u + a  . 

Equation (10) becomes 

U 2 t + a - t ~  - + a [ n u n -  n + 1] ~ 0 

and is satisfied if 

1 
n u " - - n +  1 = 1 (1 + a t )  ~" 

Putting back the original expression for u, i.e., Eq. (6) we have 

v ' e x p  n R ~ -  M = ~ T~ " 1 

n l +  ~ TT ~ / 

( l l )  

(12) 

where TM corresponds to the temperature of the maximum of the DTA curve. 
d E  

Equation (12) can be solved graphically for - if v is assumed or known. 
R 

While the left side is a steeply decreasing function of  . . . . . .  d E  , the right side is 
R 

A E  
approximately constant. The value of which satisfies both sides is given 

R 
by the intersection of the corresponding curves and this value is the activation 
energy for the observed TM. 
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The result of Eq. (12) can be applied to the self-consistent study of solid-state 
reactions by DTA without the prior knowledge of the frequency factor. DTA has 
been used to investigate kinetics of  reactions in homogeneous systems by the 
Kissinger method. The fundamental expression of Kissinger's method is: 

v exp - -~M-. -- R T ~  " (13) 

Equation (13) was derived by starting with the first order rate Eq. (4) which cor- 
responds to a special case of the Avrami equation where n = 1. Thus (13) can 
only be used for solid state reactions where n = 1 and unfortunately this is not  
often the case. Our treatment utilizes the first and second derivatives of a general 
Avrami equation and is valid for any value of n and therefore should be more 
applicable to solid-state reactions. 

For most solid-state reactions one typically observes that, AE > 10 Kcal/mol 
[0.43 eV] and TM < 3000 K. 
So 

AE T M -  T o 

R 
>>1 

and (12) becomes: 

t vnexp - n - ~  i -~ 

Equation (14) written for n = 1 is: 

v exp - ~ - .  ~ (15) 
C~ 

Equation (15) is significantly different from Kissinger's result (13) and it occurs 
that the Kissinger method is only valid for the limiting case where: 

AE T M - T o  
4 1 .  

1 
However, if both Eqs (13) and (15) are used to plot in ~ versus T ~  as in 

the Kissinger case and 

1 
In versus - -  as in the present case, 

T M -  To TM, 

for various heating rates, they will generally lead to two straight lines of practi- 
AE 

cally equal slope ~ - ,  since over a small temperature range a constant /~ can 

always be found such that: 

-- 7"0). 
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Recognizing that the right side of expression (14) is the time required to reach 
TM (since TM = To + atm), the equation reduces to 

k t ~ l  

which means that, as should be expected, the peak of the DTA curve occurs when 
the argument of  the exponential in the Avrami equation is close to unity. 

FWHM is such that / ~  v 

AU=2.5=n AE 2 AT 
R T M 0.3 

SOn= 2.__55 T_~_M 2 
AT /,E/R 

Y=exp u exp (-exp u) 

-X, -3 -2 

0.1 

I 
-1 0 

2.5 

o 
V= x 

n b  

u=nbw 

2 u 

4~ 

Fig. 1. Plot of Eq. (16) in reduced variables, basis of the determination of the exponent n 

Consequently we believe that Eq. (12), or its approximation (14), justifies our 

( ~ i n s t e a d o f - ; ~ t  t modification of  the Kissinger method i.e., use of Tm __ To 

which thus can be used for kinetics described by an Avrami equation regardless 
A E  

of the value of the exponent n and will give an accurate estimate of -. 
R 

A E  
It also follows that reactions having the same - -  but different Avrami 

R 
exponent n will show a DTA peak at the same temperature. However, the value 
of n determines the shape of the peak and the higher n is, then the narrower 
is the peak. By a Taylor series expansion of Eq. (8) for values of u close to unity 
i.e., near TM, we obtain the following approximate equation which describes the 
shape of the DTA peak: 

2 = nb exp (nb~) exp [ -  exp (nbT)] (16) 
with 

A E  
b = ......... 

R T  z 
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and where z is the temperature excursion measured f rom TM. This curve in 
reduced variables, u = nbz and y = 5c/nb, is shown in Fig. 1. I f  A ZFWrIM is 
the full width at half  max imum of  the D T A  peak,  then one can estimate n f rom 
the relation: 

2.5 T~  
n = - -  . (17) 

A ZFWHM AE 
R 

Example of application 

Transformation of  the tin-nickel equiatomic alloy 

The electrodeposited equiatomic alloy (65 weight per cent Sn - 35 weight 
per  cent Ni) is  no t  an equilibrium phase o f  the nickel-tin binary system and can 
only be prepared by electroplating [5], or  f rom more  recent results by sputtering 

1.60 162 1.64 1.66 

-13 - -  

- 7  --  

-14 - -  

- 8  - -  

-9 -- -15 I 

i 

/ 

l = - ' ~  - -  - 16  

! Y 

1 

Tin=x103 

1.68 1.70 172 

A E / R  = 2.61 x 104( K ) 

method 

Kissing, 
method 

AE/R= 2.87x 104 (K)  

AE 
Fig. 2. Determination of--~- using the modified Kissinger method for tin-nickel. This is 

a least square fit of Eq. (14). For comparison the erroneous Kissinger plot is also shown 
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[6]. The electroplated and spmtered deposits are metastable and are known to 
revert upon heat treatment (7) to the two phases Ni3Sn~ and Ni3Sn 2 which con- 
stitute the room temperature equilibrium state of the equiatomic alloy of tin and 
nickel [8]. 

Using differential scanning calorimetry the transformation has been found to 
follow an Avrami law and the parameters n, AE, and v were determined [4]. 
We will compare the results obtained by our modified Kissinger method for 
DTA with those obtained by DSC. 

DTA traces were obtained at six different heating rates on an electroplated 
sample of tin-nickel. The temperature maxima, TM~, and the full width at half 
maximum, AT~V~HM, of the DTA peaks are shown in Table 1. Figure 2 shows 
the corresponding modified Kissinger plot 

In TM_300 versus TM~ 

Table 1 

Average D T A  peak tempera ture  TM~, and full width at half  m a x i m u m  ATrWHM for 
different heating rates of  " S n N i " .  

Heating rate, 
~ ~, ~ TMr K A~FWHM, K 

2 
5 

10 
20 
30 
40 

3.33X 10-" 586 
8.33 X I0  -~ 595 
1.66• 10 -1 606 
3.33• 10 -1 611 
5.00• 10 -1 620 
6.66X 10 -1 621 

I 

16.50 
13.50 
14.25 
14.50 
16.50 
16.00 

AT TMo~ 
I 

322 324 326 328 330 332 334. 336 338 340 342 3/~ 348 

Ternperalure ,*C 

Fig. 3. D T A  peak for tin-nickel for a heating rate c~ = 10~ The full width at half  maxi- 
m u m  used to determine n is shown.  Bracketed numbers  represent  the a m o u n t  t ransformed,  

x, as determined by the Borchard t - -Dan ie l s  method  
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A E  
from which and v are computed by least squares fitting the data to a straight 

R 
line. The conventional but inapplicable Kissinger plot is also shown for com- 

AE 
parison. As stated earlier both plots predict the same value for ~ but it would 

be erroneous to apply the conventional Kissinger technique to a situation where 
Avrami kinetics rule, n is calculated from the values of  A'CEWHM using Eq. (17). 
A measurement of AVEWHM for the heating rate of 10~ is shown in Fig. 3. 

Table 2 shows the reaction parameters obtained with our extended Kissinger 
method. For  comparison the results obtained by DSC [4] are also displayed. 
While the DTA and DSC values for n agree completely, the control values for 
AE and v are somewhat higher with the DTA method. Reference [4] points out 
the observed variations of  A E  and v from sample to sample; the 90 % confidence 
intervals shown in Table 2 intersect for both A E  and v and prove our two sets 
of results to be consistent. 

Table 2 

Reaction parameters for the transformation of the equiatomic 
tin-nickel alloy using DSC and the modified 

Kissinger method for DTA 

Modified Kissinger method Differential scanning calorimetry 
Avrami 90% confidence interval 90% confidence interval 

parametel s 

Median From To To 

n 
v, sec -1 
F Kcal/mol 

2.2 
2.35 • 1017 

56.2 

1.91 
9.8 • 10 t4 

50.7 

2.45 
5.7 x 1019 

62.1 

Median From 

2.1 2.05 
6.54• t4 1.3• 

47 42 

2.15 
3.3 • 1014 

52 

The DTA technique has an inherent time lag which depends on the geometry 
of the measurement cell. This gives rise to the main objection to the Kissinger 
technique which has been his assumption that the DTA peak occurs at the maxi- 
mum transformation rate [9]. Using the Borchardt -Danie ls  technique [10], as 
is shown in Fig. 3, we found the maximum of the DTA peak to correspond 
to 55 % transformation, while the approximation of our analysis for maximum 
rate (kt ,~ 1) would have predicted 63 %. The error introduced by using maximum 
peak temperature instead of the 63 % point is believed to be smaller than the 
normal scatter of the data. 

C o n c l u s i o n  

A modification of  the Kissinger method suitable for the study of  heterogene- 
ous solid state reactions following an Avrami law has been derived and demon- 
strated. The method gives results comparable to DSC for the determination of 
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the kinetic parameters of the tin-nickel transformation. Although approximate, 
this DTA method is easier to implement than the Borchardt-Daniels method 
since it is independent of the parameters of the DTA measurement cell. 
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RI~SUMI~ -- Plusieurs exp6riences isothermes sont en g6n6ral n6cessaires pour  d6terminer 
les param6tres de l '6quation d 'Avrami  qui d6crit la plupart  des r6actions h6t6rog6nes en 
phase solide. Les analyseurs calorimetriques diffdrentiels (DSC) conviennent  pour  ces 
exp6riences. La plupart des appareils d 'analyse thermique diff6rentielle (ATD) couvrent 
un intervalle de tempdrature plus grand que les appareils DSC mais ils ne peuvent pas 6tre 
utilis6s pour des 6tudes isothermes. Cependant  Kissinger a d6jh montr6 comment  l'6nergie 
d 'act ivation et le facteur de frdquence pouvaient 6tre calcul6s /i part ir  d'expdriences ATD 
dans le cas des rdactions homog6nes suivant une cindtique du premier ordre. La pr6sente 
publication d6crit une extension de la mdthode de Kissinger et montre  qu'il est possible 
de l 'appliquer aux rdactions h6t6rog6nes ddcrites par  une expression d 'Avrami.  La nouvelle 
mdthode permet d'6tudier la cin6tique des rdactions des phases m6talliques dans un domaine 
de tempdrature plus grand qu'avec I 'ATD. La cindtique de t ransformat ion d 'un alliage 
mdtastable 6quiatomique 6tain-nickel est donnde comme exemple. 

ZUSAMMENFASSUNG - -  lm Allgemeinen werden zur Bestimmung der Parameter  der Avrami- 
Gleichung, welche sich zur Beschreibung der meisten heterogenen Festphasenreakt ionen 
eignet, mehrere isotherme Versuche benOtigt. Differential-Scanning-Kalorimeter (DSC) 
eignen sich ffir solche Versuche. Wfihrend die meisten Gerfite der Differential-Thermo- 
analyse (DTA) ein weiteres Temperaturgebiet  umfassen als DSC-GerMe, kOnnen sie zu 
isothermen Bestimmungen nicht eingesetzt werden. Kissinger hatte jedoch bereits gezeigt, 
wie die Aktivierungsenergie und der Frequenzfaktor  aus DTA-Versuchen im Falle homo-  
gener Reaktionen erster Ordnung errechnet werden k6nnen. In dieser VerOffentlichung 
wird eine Erweiterung der Methode yon Kissinger abgeleitet und ihre Anwendbarkei t  auf  
mit einem Avrami-Ausdruck beschriebene heterogene Reakt ionen gezeigt. Die neue 
Methode ermOglicht das Studium der Kinetik von Metallreaktionen im mittels DTA zu 
erhaltenden hOheren Temperaturbereich. Die Umwandlungskinet ik  einer metastabilen 
ftquiatomaren Zinn-Nickel-Legierung wird als Beispiel angefflhrt. 
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Pe3toMe - -  B O6IIIeM, Tpe6yeTc~ HeCKOnbKO I~3OTepMH~IeCKHX 3KCIIepHMeHTOB, ~ITO~bI onpe~e-  
nHTb IIapaMcTpbI ypaBHCttl~I ABpaM/4, KOTOpOe OnHCblBaCT 60~IbIIIHHCTBO reTcporentt/~ix TBep- 
/IOTeJIbICblX peaKt~n~. ~ n ~  TaKnX 3KcnepI4MeHTOB IlptteMfleMbI ~ndpdpepen~Han~HI, ie crarmpy~omHe 
KanopnMeTp•i (~CK). B TO BpeMa Kar 6Om, tUHHCTBO npn6opoB ~Hdpqbeperrt0~azmHoro XepM~- 
tle~Koro aHana3a OXBaTblBaeT 60nee nmpoKyIO TeMHepaTypnyto O6JIaCTh ~IeM ~ C I ( ,  ottlI He 
MOFyT 6bITIa HC110.r1630BaHbI ~J'I~l BbIIIOYll-let:llI,r ~30TepM~ecxnx  onpe~enenH~. O ~ n a r o  KaccHrta- 
~ e p  noKaaaJI xaXHM o6paaoM aKTnBattnonaag aHeprH~ rt ~aCTOTH~,I~ t~aKTop MOryT 6I, ITI, m,i- 
~Hcnen~,x Ha ~ T A  ~n~ cny~a~ roMoreHHJ, ix pearmmi~, non~Hnmommxca nepaoMy nopsnIcy 
KItHeTHKH. B CTaTbe aBTOpbI ~anH pa3BHTne MeTO~a I(accHH~mepa n noKa3a~fH ero  npnMeHeHi~e 
K reTepoFeHHt, IM peaIcttHnM, OI~ICbIBaeMI, IM ypaBHermeM AapaMrt. HOBbII~ MeTO~ HO3BO.rIHT 
lt3yqaTb rHneTHry MeTannn~tecrax pearuH~ a 5oace  BbICOrO~ TercmepaTypno~ o6nacTn ~eM 
C ~2TA. B KaqeCTBe npnMepa npnBenena ItHHeTHKa npeBpameHn~ MeTacTa6HJlbttoro 3KBHaTOM- 
n o r o  cnnaBa OnOBO-HHKeJIb. 
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