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Several isothermal experiments are generally needed to determine the parameters
of the Avrami equation which describe most of the heterogeneous solid state reactions.
Differential scanning calorimeters are suitable for such experiments. While most
differential thermal analysis (DTA) apparatus cover a wider temperature range than
DSC apparatus they cannot be used to perform isothermal determinations. However,
Kissinger has already shown how activation energy and frequency factor can be
calculated from DTA experiments for the case of homogeneous reactions following
first order kinetics. We derive in this paper an extension of the Kissinger method
and show its applicability to heterogeneous reactions described by an Avrami expres-
sion. The new method will allow the study of the kinetics of metallic reactions at the
higher temperature range obtainable with DTA. The transformation kinetics of the
metastable equiatomic tin-nickel alloy are given as an example.

Most reactions in solid metallic phases are empirically described by the Avrami
equation [l] where x is the amount of material transformed at the time f,

x =1 —exp [—(kt)]. (1)

nis a dimensionless exponent, k has the dimension of reaction rate and is given
by an Arrhenius type of relation
AE
k=vexp— —— 2
v exp ~ —on )
where

v = frequency factor
AE = activation energy
R = gas constant

T = Kelvin temperature

The transformation can be completely described in time, temperature and trans-
formed fraction co-ordinates if n, AE, and v are known. The easiest way to calculate
these three parameters is to run isothermal experiments to determine the change
of x with time. The data is generally reduced [2] by fitting the equation:

In -~ J*r— = (kt)". 3)
1 —x
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While isothermal experiments can conveniently be performed in a differential
scanning calorimeter (DSC), the maximum operable temperature is 750° which
presents quite a limitation for the study of metallic solid state reactions. Another
available method has been differential thermal analysis (DTA) which can be
operated at much higher temperatures. Unfortunately DTA is essentially a dyna-
mic technique wherein time and temperature variables are intermixed and there-
fore no true isothermal experiment can be conducted in a DTA setup. Kissinger
[3], in his study of homogeneous reactions which follow the first order rate equa-
tion:

%= k(1 - x) 4)

developed a2 method where both AE and v can be determined from DTA experi-
ments run at different Leating rates. In the course of studying the kinetics of the
transformation of tin-nickel [4], which occurs in the working range of both the
DSC and DTA, we have been able to extend the Kissinger method to solid state
reactions obeying an Avrami law.

Theory

During a DTA experiment the temperature of the furnace is changed linearly
with time at a given rate « (degrees per second). The furnace temperature in
Kelvin is:

T =T, + ot )

where T, is the initial temperature.
Assuming that the dynamic case is a close succession of isothermal ones, we
can keep the Avrami expression for the fraction of transformed material:

x =1 — exp [—(kt)"].

Because of Eq. (5) the rate constant varies with time and k¢ is no longer linear
in ¢ but a more complicated function such as:

kt = u = vtexp [— TTOA—%T)*] 6)
and Eq. (1) becomes
x=1—exp(—u"). @)
The successive time derivations of x are
x=unu""1(1 — x) (8)
and
F=1liu— 0w —n+ Dpu-2(1 - x) C))
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Assuming that the maximum rate of reaction coincides with the DTA peak, its
position is given by

iiu—?nhu"—n+11=0 (10)

Since we have T = T, + at and simplifying

. + vt AEw ox I AE
= vexp|— Y Sl —
HEVEP\T Ry rr? P |7 RT
or
. u (1
u=—t+au=ul— +a
t t
where
_ AEu
~ RT¥’
and
LU u .
i=———+an
t t
or

=1

1 u 1 S|
7+a—‘t2—u‘7+a 2|
L | 1
SR
T t

Equation (10) becomes

and is satisfied if

1
" — =1 — o mes 11
n" - n + i+ ar? (11
Putting back the original expression for u, i.e., Eq. (6) we have
" AE Ty — T\ " 1
VCXP[”RTM)‘[ o ) l_nlJrﬂTM—To2 (12)
R T

where Ty corresponds to the temperature of the maximum of the DTA curve.

. . 4E .. .
Equation (12) can be solved graphically for R if v is assumed or known.
While the left side is a steeply decreasing function of R the right side is

. AE . . . N
approximately constant. The value of R which satisfies both sides is given

by the intersection of the corresponding curves and this value is the activation
energy for the observed Ty
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The result of Eq. (12) can be applied to the self-consistent study of solid-state
reactions by DTA without the prior knowledge of the frequency factor. DTA has
been used to investigate kinetics of reactions in homogeneous systems by the
Kissinger method. The fundamental expression of Kissinger’s method is:

AE E
e _A__;ﬁ ) (13)
RTy |~ RTE

Equation (13) was derived by starting with the first order rate Eq. (4) which cor-
responds to a special case of the Avrami equation where n = 1. Thus (13) can
only be used for solid state reactions where n = 1 and unfortunately this is not
often the case. Our treatment utilizes the first and second derivatives of a general
Avrami equation and is valid for any value of # and therefore should be more
applicable to solid-state reactions.

For most solid-state reactions one typically observes that, AE > 10 Kcal/mol
[0.43 eV] and T < 3000 K.

v exp

So
AE Ty — T,
=M o > 1
R T
and (12) becomes:
AE Ty — Ty )"
" - o~ . 14
v exp( n RTMJ ( . ] (14)
Equation (14) written for n = 1 is:
AE T — To )1t
v exp [— Jz ( M OJ . (15)
RT o

Equation (15) is significantly different from Kissinger’s result (13) and it occurs
that the Kissinger method is only valid for the limiting case where:

AE Ty — T,

== M—z__o_ <1.

R Twm

. 1 .
However, if both Eqs (13) and (15) are used to plot In T;‘; versus —— as in
M Ma
the Kissinger case and
o 1 .
In ——— versus —— as in the present case,

Twu—T, Tva
for various heating rates, they will generally lead to two straight lines of practi-
cally equal slope ARE—, since over a small temperature range a constant f can
always be found such that:
T ~ B(Tye — T0) -
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Recognizing that the right side of expression (14) is the time required to reach
Ty (since Ty = Ty + aty,), the equation reduces to

kt = 1

Q

which means that, as should be expected, the peak of the DTA. curve occurs when
the argument of the exponential in the Avrami equation is close to unity.

FWHM is such that

AE
=25=n=— AT
Au=25=n RT;
2
_25 Ty
S0 n=%F 2ER

Y=exp u exp {-exp u)

-4 -3 -2 =1 0
25

Fig. 1. Plot of Eq. (16) in reduced variables, basis of the determination of the exponent n

Consequently we believe that Eq. (12), or its approximation (14), justifies our

e . . o . o
modification of the Kissinger method |i.e., use of — instead of e
m~ {0 M

which thus can be used for kinetics described by an Avrami equation regardless

o . AE
of the value of the exponent » and will give an accurate estimate of ="

. . AE . .
It also follows that reactions having the same 3 but different Avrami

exponent n will show a DTA peak at the same temperature. However, the value
of n determines the shape of the peak and the higher # is, then the narrower
is the peak. By a Taylor series expansion of Eq. (8) for values of u close to unity
i.e., near Ty, we obtain the following approximate equation which describes the
shape of the DTA peak:

X = nb exp (nbt) exp [— exp (nb7)] (16)
with
E
yo A
RT
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and where 7 is the temperature excursion measured from Ty This curve in
reduced variables, u = nbt and y = X/nb, is shown in Fig. 1. If Ateygm I8
the full width at half maximum of the DTA peak, then one can estimate n from
the relation:

2.5 T2

n= M (17)
Atpwam AE
R

Example of application
Transformation of the tin-nickel equiatomic alloy

The electrodeposited equiatomic alloy (65 weight per cent Sn — 35 weight
per cent Ni) is not an equilibrium phase of the nickel-tin binary system and can
only be prepared by electroplating [5], or from more recent results by sputtering

1
T X10°
B 160 162 166 166 168 170 172

L L L UL B S o

O AE/R=281x10%( K)

Proposed method

Kissinger
method

AE/R=287x10%( K)

[+
Ty -300
[+.4
2
Mot

In

AE . .
Fig. 2. Determination of —R— using the modified Kissinger method for tin-nickel. This is

a least square fit of Eq. (14). For comparison the erroneous Kissinger plot is also shown
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[6]. The electroplated and sputtered deposits are metastable and are known to
revert upon heet treatment (7) to the two phases NigSn, and Ni;Sn, which con-
stitute the room temperature equilibrium state of the equiatomic alloy of tin and
nickel [8].

Using differential scanning calorimetry the transformation has been found to
follow an Avrami law and the parameters n, AE, and v were determined [4].
We will compare the results obtained by our modified Kissinger method for
DTA with those obtained by DSC.

DTA traces were obtained at six different heating rates on an electroplated
sample of tin-nickel. The temperature maxima, Ty, and the full width at half
maximum, Atpyum, Of the DTA peaks are shown in Table 1. Figure 2 shows
the corresponding modified Kissinger plot

In —— versus ——
N 300 P P

Table 1

Average DTA peak temperature Ty, and full width at half maximum AT gy g, for
different heating rates of “SnNi”.

Heating rate,

\ ]
°/min i( a, °fsec ‘ Tvas K ‘[ AtrwaM, K
2 3.33x10°2 586 16.50
5 8.33x 103 595 13.50
10 1.66x 101 606 14.25
20 3.33x 1071 611 14.50
30 5.00x 10! 620 16.50
40 6.66X% 101 621 16.00
i
AT Ta
0.0975°
I (37°%)  (65°%)

(77°)

| | Y S IO | .
322 324 326 328 330 332 334 336 338 340 342 344 346

Temperature ,°C

Fig. 3. DTA peak for tin-nickel for a heating rate « = 10°/min. The full width at half maxi-
mum used to determine # is shown. Bracketed numbers represent the amount transformed,
x, as determined by the Borchardt— Daniels method
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.. AE . .
from which '3 and v are computed by least squares fitting the data to a straight
line. The conventional but inapplicable Kissinger plot is also shown for com-
parison. As stated earlier both plots predict the same value for %— but it would

be erroneous to apply the conventional Kissinger technique to a situation where
Avrami kinetics rule, # is calculated from the values of Atpwyym using Eq. (17).
A measurement of dtpwyy for the heating rate of 10°/min is shown in Fig. 3.

Table 2 shows the reaction parameters obtained with our extended Kissinger
method. For comparison the results obtained by DSC [4] are also displayed.
While the DTA and DSC values for n agree completely, the control values for
AE and v are somewhat higher with the DTA method. Reference [4] points out
the observed variations of AE and v from sample to sample; the 90%; confidence
intervals shown in Table 2 intersect for both AE and v and prove our two sets
of results to be consistent.

Table 2

Reaction parameters for the transformation of the equiatomic
tin-nickel alloy using DSC and the modified
Kissinger method for DTA

Modified Kissinger method Differential scanning calorimetry
Avrami 909, confidence interval 90 % confidence interval
parameters _
Median | From ‘ To Median From i To
n 2.2 ; 1.91 2.45 21 2.05 2.15
v, sec™t 2.35x 107 | 9.8%x 10" | 5.7x 10 6.54x 101 | 1.3x 10 | 3.3x 10"
F Kcal/mol 56.2 50.7 62.1 47 42 52

The DTA technique has an inherent time lag which depends on the geometry
of the measurement cell. This gives rise to the main objection to the Kissinger
technique which has been his assumption that the DTA peak occurs at the maxi-
mum transformation rate [9]. Using the Borchardt— Daniels technique [10], as
is shown in Fig. 3, we found the maximum of the DTA peak to correspond
to 559, transformation, while the approximation of our analysis for maximum
rate (k¢ = 1) would have predicted 63 %,. The error introduced by using maximum
peak temperature instead of the 63 % point is believed to be smaller than the
normal scatter of the data.

Conclusion

A modification of the Kissinger method suitable for the study of heterogene-
ous solid state reactions following an Avrami law has been derived and demon-
strated. The method gives results comparable to DSC for the determination of
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the kinetic parameters of the tin-nickel transformation. Although approximate,
this DTA method is easier to implement than the Borchardt— Daniels method
since it is independent of the parameters of the DTA measurement cell.
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REsumi — Plusieurs expériences isothermes sont en général nécessaires pour déterminer
les paramétres de I'équation d’Avrami qui décrit la plupart des réactions hétérogénes en
phase solide. Les analyseurs calorimétriques différentiels (DSC) conviennent pour ces
expériences. La plupart des appareils d’analyse thermique différentielle (ATD) couvrent
un intervalle de température plus grand que les appareils DSC mais ils ne peuvent pas étre
utilisés pour des études isothermes. Cependant Kissinger a déja montré comment 1’énergie
d’activation et le facteur de fréquence pouvaient étre calculés a partir d’expériences ATD
dans le cas des réactions homogenes suivant une cinétique du premier ordre. La présente
publication décrit une extension de la méthode de Kissinger et montre qu’il est possible
de I'appliquer aux réactions hétérogénes décrites par une expression d’Avrami. La nouvelle
méthode permet d’étudier la cinétique des réactions des phases métalliques dans un domaine
de température plus grand qu’avec 'ATD. La cinétique de transformation d’un alliage
métastable équiatomique étain-nickel est donnée comme exemple.

ZUSAMMENFASSUNG — Im Allgemeinen werden zur Bestimmung der Parameter der Avrami-
Gleichung, welche sich zur Beschreibung der meisten heterogenen Festphasenreaktionen
eignet, mehrere isotherme Versuche bendtigt. Differential-Scanning-Kalorimeter (DSC)
eignen sich fiir solche Versuche. Wihrend die meisten Gerite der Differential-Thermo-
analyse (DTA) ein weiteres Temperaturgebiet umfassen als DSC-Gerite, konnen sie zu
isothermen Bestimmungen nicht eingesetzt werden. Kissinger hatte jedoch bereits gezeigt,
wie die Aktivierungsenergie und der Frequenzfaktor aus DTA-Versuchen im Falle homo-
gener Reaktionen erster Ordnung errechnet werden konnen. In dieser Verodffentlichung
wird eine Erweiterung der Methode von Kissinger abgeleitet und ihre Anwendbarkeit auf
mit einem Avrami-Ausdruck beschriebene heterogene Reaktionen gezeigt. Die neue
Methode ermdglicht das Studium der Kinetik von Metallreaktionen im mittels DTA zu
erhaltenden hoheren Temperaturbercich. Die Umwandlungskinetik einer metastabilen
dquiatomaren Zinn-Nickel-Legierung wird als Beispiel angefiihrt.
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Pestome — B 0oGmieM, TpeGyeTCsl HECKOJIBKO M30TEPMMUYECKAX IKCIIEPUMEHTOB, YTOORI Onpeae-
JIMTH TAPaMeTPHl YpaBHEHAS ABpPaMH, KOTOPOE OIHCHIBAET OOJNBIIMHCTBO I'€TEPOreHHBIX TBEP-
HOTENBHBIX Peakiuit. {7 Taxnx 3KCnepuMeHTOB pueMiteMs! TuddepeHIIaNbHbIC CKAHAPYIOITHE
xamopamerpsl (JCK). B To BpeMs kak GONBIIMHCTBO HPHOOPOB AnbdepeHIHaNbHOTO TEPMu-
YEEKOTO aHa/u3a OXBaTEIBaeT OoJee mmMpOKyro TeMmepaTypHyro obiacts wem JICK, onu He
MOTYT OBITH UCIIOIB30BAHEI /IS BEIHOJIHEHHS H30TCPMIIECKUX onpenencanit, Omaaxo Kuccuna-
JKEp TOKa3aJl KakuM o0pa3oM aKTHBALMOHHAS SHEPrHsi M 4acTOTHEI ¢akTop MOryT ObITH BBI-
apcnenst 3 OTA pans caydasi TOMOTEHHBIX PEaKiiui, IOJYUHSAIOUMXCA MEPBOMY IOPAIKY
KHHETHKH. B craThe aBTOpHI iany pa3puTde MeToAa Kuccuukepa d IMOKA3aiH ero NpHMEHEHNE
K TeTepOTeHHLIM peaKIHsM, ONHCHIBAEMbIM ypaBHeHHEM ABpamu. HoBBIft MeTOx HO3BOJIHT
H3YYaTh KHHETHKY METAJUIMYECKHX peaxkimi B Gosiee BBICOKOL TeMmeparypHoit of6macTda ueM
¢ JTA. B xauectse npuMepa NPABEAECHA KHHETHKA NIPEBPAICHUN MeTaCTaOMIEHOTO 3KBHATOM-
HOTO CIJIABA OJIOBO-HUKEIIb.
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